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1. Introduction
The technological needs imposed by the exponential

miniaturization trend of electronic components has drawn
attention toward the development of functional molecular
or even atomic devices. Quantum effects become increasingly
dominant on the atomic length scale, and precise control of
quantum systems arises as a fundamental requirement for
successful novel nanoscale technology. Promising results
have already been achieved in the fields of molecular
electronics,1 data storage,2 and quantum information process-
ing.3 Pioneered by the molecular physics community, optimal
control4-7 has emerged as a highly promising tool. Strength-
ened by successful control experiments on chemical
reactions8-11 and biological processes,12 it has also entered
the fields of quantum optics,13 solid-state physics,14 and
nuclear magnetic resonance (NMR).15

From the computing point of view, the continuous down-
sizing of microprocessor components as well as the desire
for a further increase of calculation speed are accompanied
by the need for a new quantum technology, which has to be
established in the near future. It turns out that, besides a
computational speed up, quantum technology leads to a

completely new kind of computation: new concepts and
algorithms complete or replace the common classical meth-
ods.16 Prominent quantum algorithms are the Deutsch Jozsa,17

the Shor,18 and the Grovers search algorithms.19 The infor-
mation is coded in quantum bits (qubits), each one repre-
sented by two selected and preferably well isolated quantum
states. In contrast to classical computing, it is possible to
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generate the respective superposition states and use them.
To implement logic operations, that is, quantum gates,
tunable interactions between the qubit states are needed. The
interaction between different qubits becomes essential for
conditional quantum gates, where the operation on one qubit
depends on the value of another qubit. As in classical
computing, there exist special sets of elementary logic
operations from which every desired algorithm can be
constructed. The requirements for the construction of a useful
quantum computer have been established partly by Deutsch17

and completed by DiVincenzo.20 These also include scal-
ability of the system, readout methods, and error correction.

Especially in this rapidly expanding field of quantum
information processing, the controllability of quantum sys-
tems is a key issue. The search for the ideal qubit system as
well as the most applicable control technologies is still open,
and proposals range from photons and atoms to molecules
and semiconductors driven by specially adapted electromag-
netic fields. Considerable success in quantum information
processing was achieved for a limited number of qubits using
cavity quantum electrodynamics,21 trapped ions,22,23 and
NMR.24-26 Approaches with atoms, ions, and quantum dots
use electron degrees of freedom to encode quantum informa-
tion in well isolated, identical qubits with equal transition
frequencies. The interqubit interaction can be turned on or
off on demand. Enlarging these qubit systems from two-
qubit to multiqubit systems means, in principle, that another
atom, ion, or quantum dot has to be added. Liquid NMR
quantum computing makes use of nuclear spin in molecules
as the carrier of quantum information and differs from the
previous approaches in some aspects. Each qubit is still
encoded in a well isolated two-level spin system, but in
response to the internal molecular environment, the transition
frequencies of the qubits can differ. Also, the interaction
between qubits is already an inherent molecular property.
Enlargement of the qubit system in NMR involves more
atoms of a molecule and is supported by molecular engineer-
ing.

The most promising and advanced experiments with
respect to the realization of entanglement, quantum gates,
and quantum algorithms were demonstrated with NMR and
ion traps. In NMR, the Shor algorithm with up to seven
nuclear spin qubits could be implemented,27 and in ion traps,
entanglement with up to eight particles has been reported.28

While these first examples demonstrate that enlargement of
qubit systems is in principle possible, real scalability remains
a challenge in all approaches. Scalability, in general, requires
that the effort and overhead associated with making and
controlling multiqubit systems scale only polynomially with
the number of qubits. Although for some approaches, for
example, quantum dots or electron spins in solid state
systems, the setup of large scale multiqubit systems seems
straightforward, their precise control is still an open question.
Especially for the ion trap approach, some promising ideas
to realize scalability have been put forth. In this context,
either a “hybrid” ansatz is favored with ions stored in
individual traps and a quantum channel established in
between them for information exchange29 or an ion trap
network is favored with small qubit entities being processed
and transported between different interaction regions.30 No
single technology under investigation currently meets all
requirements to implement a quantum computer in a
completely satisfactory way. Therefore, ongoing research in
quantum information processing is highly interdisciplinary

and diverse and requires a coordinated effort to create
synergies. In this review, we focus on recent developments
in a new direction of quantum information processing using
internal molecular degrees of freedom as qubits. It has been
realized by several groups working in the field of coherent
control with femtosecond laser pulses that certain control
sequences can be interpreted as quantum logic operations
or even quantum algorithms. Different from NMR quantum
computing, which uses the nuclear spin of atoms, this new
approach works with internal motional states of molecules
such as rovibrational states31 and vibrational states in
diatomic32-35 and polyatomic systems.36-40 The relevant time
scale for the internal mode qubits is in the femtosecond
regime, and their dynamics can be controlled by modulated
femtosecond laser pulses. Our aim is to elucidate the
connection between coherent control with modulated fem-
tosecond laser fields and quantum computing with molecular
degrees of freedom. Molecules instead of atoms or ions
provide a number of properties that can be useful in the
context of quantum computing. They are small, stable units
with a rich quantum structure due to many coupled degrees
of freedom. With the help of chemists, a nearly unlimited
number of compounds offering all kinds of properties can
be designed. In the context of quantum computing, in
addition to long coherence lifetimes, characteristic optical
and spectral properties are aimed for.

In this review, we select the molecular vibrational quantum
computing ansatz as a representative example for modulated
femtosecond laser pulses in quantum information science.
We approach this issue from the theory side, taking into
account the experimental requirements of state-of-the-art
pulse shaping technology. Specific challenges and advantages
for the molecular approach as well as realistic implementation
strategies are outlined. The setup of the qubit system is
explained in section 2. In section 3, we discuss both the sides
of quantum control and of quantum computing with the main
focus on polyatomic molecules as qubit systems. Mechanistic
aspects of quantum gates and issues of phase coherence as
well as the choice of suitable molecules are discussed in
section 4, and section 5 deals with implementations of
complete quantum algorithms. Section 6 addresses experi-
mental realization strategies of the control laser fields. The
open issues of decoherence control and scalability will be
discussed in section 7. In section 8, we give a general
conclusion and an outlook for the impact of femtosecond
laser technology in the field of quantum computing.

2. Qubit Systems and Logic Operations
In the following, we briefly introduce the general ideas

of quantum computing and translate them into the molecular
approach we will focus on. We present the theoretical
description of the molecular quantum system as well as the
control Hamiltonian. The system Hamiltonian determines the
eigenfunctions and eigenenergies, including possible potential
or kinetic couplings. The qubits are encoded in selected
eigenfunctions and are embedded in the vibrational spectrum.
The control Hamiltonian, exploited to perform the desired
quantum gates, arises from the application of specially
modulated femtosecond laser fields in the IR, mid-IR, or UV/
vis regime.

The main differences between classical and quantum
computing result from the definition of the basic unit of
information: the bit. From a physical point of view, a bit is
a two-state system. It can be represented using two logical
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values: 0 and 1. In a classical computer, these values can
be coded through voltage or no voltage in an electric circuit.
Bits of information can also be coded in a quantum system,
and are then accordingly called quantum bits or qubits. Here,
special states of a quantum system, which can be switched
by the action of, for example, an electromagnetic field, are
selected to encode the logical values|0〉 and|1〉. For example,
different degrees of electronic excitation in atoms or different
orientations of spins can be used. In contrast to the classical
case, quantum bits can also be in a coherent superposition
state:

In principle, an infinite number of possible states|ψ〉 exists
even for a single qubit. Since the superposition states cannot
be distinguished by a single measurement, only evenly
distributed superposition states (|R|2 ) |â|2 ) 0.5) are used
in quantum information processing. Classically,n bits can
form only a 2n dimensional state space. In contrast,n qubits
span a 2n dimensional Hilbert space. The logic operations
in the qubit system are performed by so-called quantum
gates. In his catalog of requirements, DiVincenzo demands
for a universal set of elementary quantum gates. Mathemati-
cally, these quantum gates are time reversible unitary
transformations. Experimentally, they can be realized by
applying appropriate electric or magnetic fields. Running
through a quantum algorithm, one has the possibility to
simultaneously code several states and their evolution in
(evolving) superposition states. This fact is called quantum
parallelism. It is one of the main reasons for the high
efficiency of quantum algorithms. Still, during the readout
of the state of a qubit, the corresponding wave function
collapses into one of its basis states, and the value 0 or 1
can be measured with a certain probability. Therefore,
quantum algorithms work somewhat differently from clas-
sical algorithms: The probability to measure the result of
interest is increased. Another important feature of quantum
information systems is the phenomenon of quantum correla-
tion or entanglement. It can be found in multiqubit states.
The results of measurements conducted on entangled qubits
are highly correlated, although the measurement outcome
of an individual qubit is still purely statistic. The well-known
Bell and GHZ (Greenberger, Horne, Zeilinger) states belong
to this category.41 The coherence of superposition states or
entangled states plays an important role in several quantum
algorithms, for example, the Shor algorithm.

In summary, the coherence of multiqubit systems is the
source of useful quantum information and has to be
maintained as long as possible in the qubit system. In
practice, the physical system constituting the quantum
computer and the quantum gating devices are never com-
pletely isolated from their environment, which acts as a heat
bath or reservoir. The density operator describing the state
of the quantum computer does not remain pure (nonunitary
evolution), as it can be changed by the intersystem or system-
environment interactions into a mixed state. Simultaneously,
the initially prepared coherences between the input states
will be partially or completely destroyed. This process of
decoherence is destructive for quantum computation; there-
fore, ideally the decoherence time scale should be much
longer than the gating time scales. From analytic methods
such as spectroscopy or spectrometry, a lot of knowledge
has been accumulated concerning internal quantum states of
atoms, molecules, and bigger aggregates up to solids, their

manipulation, and the corresponding issues of coherence and
decoherence. Naturally, first quantum computing approaches
have been developed based on these methods and this
knowledge.24,29

2.1. Molecular Qubits
Molecules are highly complex quantum systems with many

coupled degrees of freedom, including electronic as well as
nuclear motion, that offer a variety of properties. Accord-
ingly, several choices can be made to encode a qubit system
in molecules. Besides nuclear spin (NMR), rovibrational
wave packets or vibrational states were tested. In molecular
systems, sources of decoherence are the coupling to internal
molecular modes outside the Hilbert space of the qubit basis
and the coupling to the environment by collision with other
molecules. Both sources can be suppressed efficiently in case
of NMR and vibrational qubits,37 and the ratio of coherence
time to gating time is∼103-104. The definition of rotational
or vibrational eigenstates as qubit states is similar to liquid
NMR qubits; however, the quantum logic operations are
performed on a different time scale (femtoseconds to
picoseconds instead of milliseconds to minutes).

The obvious choice to drive electronic or vibrational
molecular quantum states in a controlled way is the applica-
tion of laser light. Figure 1 schematically visualizes three-
qubit and quantum gate implementations, which have been
discussed in the literature. IR and Raman processes are
thinkable32,37to control vibrational modes in the ground state
as well as to control rovibrational wave packets in electronic
excited states31,34 by UV/vis lasers. Figure 1a shows the
pump-probe approach suggested by Vala et al.31 After the
preparation of a pure input state with a CW (continuous
wave) laser, a specially phase modulated femtosecond laser
pulse implements the quantum logic. With a final probe
pulse, an ionization signal (readout) is produced. Figure 1b
shows the CARS sequence as proposed by Zadoyan et al.
and Bihary et al.32,33 for molecular quantum computing. A
superposition of rovibrational states is prepared by the first
femtosecond pulse, followed by the second shaped femto-
second pulse, which encodes the quantum algorithm and
projects the result onto the ground state. From there, the
readout is initiated by a third delayed pulse. Figure 1c
visualizes the approach, developed in our group,37 using
vibrational normal modes of a polyatomic system to encode
individual qubits. The quantum gates in such a multidimen-
sional system can be realized by shaped femtosecond pulses
in the IR regime. Preparation and readout can be achieved
spectroscopically. A first successful experiment demonstrated
the implementation of the Deutsch-Jozsa algorithm with the
scheme of Figure 1a.31 In the following, we will focus on
qubits encoded in vibrational modes of polyatomic systems.

2.1.1. Vibrational Qubits
In an N-atomic molecule, 3N - 5 or 3N - 6 different

normal modes can be identified and allocated in the
spectroscopic notation (q1q2...q3N-6), with qi the number of
vibrational quanta in theith normal mode. Depending on
the spectroscopic method applied, the respective optically
addressable modes can be used to encode qubits. For
example, the IR active modes of acetylene (C2H2), thecis-
bending mode, and the asymmetric CH-stretching mode can
be selected as qubit modes. In this case, all IR inactive
vibrations, such as thetrans-bending mode in acetylene, are
nonqubit modes. Excitations of two different quanta in each

|ψ〉 ) R|0〉 + â|1〉; |R|2 + |â|2 ) 1; R,â ∈ C (1)
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qubit mode are referred to as|0〉 and |1〉. For the general
qubit definition,q quanta of excitation are labeled as logical
0, while q + 1 quanta of excitation are labeled as logical 1.
One possible qubit definition is to start with zero quanta of
excitation in each vibrational mode. In this case, the complete
22 dimensional qubit basis of a two-qubit system encoded
in a 3N - 6 normal mode system reads as follows:

In this example, the third and the last vibrational mode are
used to encode the qubits.

Each normal mode vibrates at its own eigenfrequency, and
the selected qubit states are embedded in a vibrational
spectrum with increasing density for higher quantum num-
bers. In principle, operations for different qubits can be driven
by the specific normal mode eigenfrequencies. However, in
almost all molecules, those modes deviate from the ideal
normal mode behavior. They are, rather, coupled degrees of
freedom, and thus, the transition frequencies for switching,
for example, the states|00〉 T |01〉 and|10〉 T |11〉, differ.
This qubit-qubit interaction is system inherent and mediated
via the molecular bonds. To elucidate the situation, the
spectrum of the vibrational states for a two-dimensional (2D)
acetylene model is shown in Figure 2. The 2D model is
reduced to the two IR active modes, the asymmetric CH-
stretch and thecis-bending mode, which are selected to
encode two qubits. Thus, the qubit system also includes a
combination mode, (11). The corresponding 2D wave func-
tions of the qubit basis states|00〉, |01〉, |10〉, and |11〉 are
displayed in the middle of Figure 2. Also shown is the energy
spectrum when the 2D acetylene model is augmented by the
passivetrans-bending mode (3D). Now the situation arises
that a combination state of the passive mode and thecis-
bending mode, denoted|11〉*, is in close resonance to the
qubit state|11〉 . The described scenario is a typical molecular
property and has to be controlled when quantum logic
operations are implemented. This requires highly flexible
laser fields that are provided, for example, by shaped
femtosecond laser pulses.

To achieve long decoherence times, we have proposed to
use low lying vibrational modes of polyatomic systems as
qubit states in the IR regime. Thus, the qubit system is close
to the molecular ground state and in the less dense spectral
region, where the coupling to the molecular surroundings

as well as to the other vibrational modes is kept low. This
leads to comparatively long lifetimes in the nanosecond
regime. The freedom of choice for the qubit basis helps to
find an almost decoherence-free subspace (on the gating time
scale) within the vibrational manifold by avoiding extensive
coupling to other normal modes.

2.1.2. Setup of the Hamiltonian
For the development of a specific molecular quantum

computing scheme, a theoretical description of the qubit
system and the gate operations is needed. To illustrate the
potential of modulated femtosecond laser pulses as key
elements in quantum information processing, the setup of
the selected vibrational quantum information system is
outlined. The total HamiltonianHtot ) Hsys+ Hcontrol consists
of the system HamiltonianHsys and the control Hamiltonian
Hcontrol. The latter describes the laser-molecule interaction
which realizes the quantum logic operations. The system
Hamiltonian can be represented either in coordinate space
or in the basis of the system Hamiltonian eigenstates. In
coordinate space, the potential energy surface (PES) of the

Figure 1. Schematic representation of different molecular qubit systems and quantum logic implementations: (a) VIS-fs-pump-probe
sequence with initial state preparation by a CW laser,16 with the shaped pump laser pulse encoding the quantum logic; (b) TFRCARS
implementation of a precompiled algorithm;18 (c) quantum logic implementation with modulated IR pulses operating on vibrational qubits
in the ground state.22

Figure 2. Vibrational spectrum of the 2D (left) and 3D (right)
acetylene model; the notation corresponds to the number of
vibrational quanta. In the 3D model, the second mode is a nonqubit
mode. Qubit basis states are displayed in black, and overtones and
combination modes outside the qubit basis in gray. The 2D wave
functions corresponding to the basis states are shown in the middle.

(0000...0) ≡ |00〉
(0010...0) ≡ |10〉
(0000...1) ≡ |01〉
(0010...1) ≡ |11〉

(2)
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molecular system, the (transition) dipole moments, necessary
for the description of the laser-molecule interaction, and
the nuclear wave function are mapped on a grid. The PES
contains all relevant information about the intramolecular
forces, including anharmonicity and anharmonic coupling.
It can be obtained fromab initio calculations using a standard
quantum chemical package or from parametrized model
systems relying on ab initio or spectroscopic data. The qubit
states are stationary vibrational eigenstates and are obtained
by solving the time independent nuclear Schro¨dinger equation
on the corresponding multidimensional discretized PES.
When we perform these calculations on a grid applying a
relaxation method,42 typically up to 200 eigenfunctions are
calculated. The laser-molecule interaction requires the
solution of the time dependent Schro¨dinger equation

in the respective representation. Established grid propagation
methods and approximations for the time evolution operator
U(t) are discussed in ref 43. As every vibrational qubit system
is embedded in the total vibrational spectrum, wave packet
propagations and laser pulse optimizations have to take into
account all the relevant vibrational states. This allows us to
describe in detail the vibrational excitation process, including
intermediate excitation of overtones and combination bands.

The transition from the grid method to the eigenstate (æi)
representation is performed by evaluation of the total
Hamiltonian matrix elements〈æi|Hsys|æi〉 and〈æi|Hcontrol|æj〉
on the grid. Alternatively, the level system can be set up
directly from spectroscopic data. The eigenstate basis
includes all system inherent potential and kinetic couplings
in Hsys; the coupling to the laser field is taken into account
during the propagation byHcontrol. For the propagatorU(t),
the same approximations as for the grid method can be used.
They are usually faster when applied in the eigenstate basis,
since the computational space can be limited to the relevant
eigenstates.

2.2. Implementation of Quantum Logic
There exist two basic approaches to the implementation

of quantum logic processes for quantum computations or
simulations: uniVersalquantum computing, which is based
on a complete set of elementary quantum gates, and
precompiledquantum computing, which relies on problem
specific realizations of algorithms.

For uniVersal quantum computing, laser fields must be
optimized that result in elementary quantum gates through
interaction with the system. The choice of elementary gate
operations is arbitrary apart from the prerequisite that they
constitute a complete set for the implementation of any
desired unitary transformation. For example, in ion trap
quantum computing, the universal set consists of single qubit
flip and phase gates implemented by Rabi oscillations with
highly phase stabilized continuous wave lasers and a
controlled phase gate which is based on the utilization of an
external degree of freedom (motional eigenstates of the ion
array).44 In NMR quantum computing, single qubit operations
are also readily available by standard radio frequency pulse
sequences. Also, a conditional phase gate, based on the
J-coupling between nuclear spins, can be implemented, but
on a different, longer time scale.45 The proposal for molecular
quantum computing developed in our group uses vibrational
modes of polyatomic molecules to encode qubit systems37

and belongs to the category ofuniVersalquantum computing.
We were able to give the proof of principle to realize all
elementary quantum gates necessary to perform logic opera-
tions and selected quantum algorithms,38 and we have
outlined strategies for experimental realization.39,40 Single-
qubit gates as well as two-qubit gates can be implemented
within the same time scale by specially modulated ultrashort
laser pulses.39 For vibrational qubits, modulated femtosecond
laser pulses in the infrared (IR) regime, which drive
vibrational modes in the electronic ground state, are well
suited.36 An extension of this scheme to the UV/vis regime
with vibrational eigenstates in electronically excited states
is possible.34 The femtosecond technique provides for
significantly faster quantum gates than achieved in all other
approaches.

The protocol of a computational process following the
scheme ofuniVersal quantum computing consists of the
following: (1) initialization of a qubit register in the state
|0000...0〉n; (2) implementation of a sequence of elementary
quantum gates; (3) readout by a final, probabilistic measure-
ment which collapses the system to one defined state. The
readout from vibrational molecular qubits can be imple-
mented by spectrally well resolved laser induced fluorescence
measurement. The implementation ofuniVersal quantum
information processing requires the precise switching of the
population of the qubit states. Moreover, for elementary
quantum gates to be applicable to any state that emerges
during a quantum algorithm, phase control is essential. In
the case of superposition states, the information is encoded
in the relative phases between the basis states.

We speak ofprecompiledquantum computing, if quantum
algorithms are not composed of elementary operations, but
rather the complete algorithm (e.g., a quantum Fourier
transform) is implemented in a problem specific way as one
unitary transformation in one step.Precompiledquantum
computing processes have been proposed mainly for mo-
lecular quantum computing with vibronic superpositions in
electronically excited states, where the logic operations can
be accomplished either by laser interaction or through the
time dependent system dynamics.31-33 Sometimes a special
encoding of the input information is exploited to simplify
gates and precedes the quantum gate or algorithm.46 This
relates to the fact that the implementation of the unitary
transformation strongly depends on the representation of the
logical qubit basis in the state space of the physical system
and/or on the preparation step of an initial coherent super-
position of qubit basis states. An advantage of exclusively
using the coherences of rotational or vibrational eigenstates
in a superposition to encode and process quantum informa-
tion is that there is no need for exhaustive population
transfer.46 The result of such a quantum algorithm can be
interrogated through wave packet interferometry or in general
with a final short probe pulse (e.g., via pump-probe
ionization transients31). The steps of initialization, computa-
tion, and readout can be merged into one process corre-
sponding to well-known multipulse experiments, as has been
proposed for DFWM (degenerate four-wave mixing) or
TFRCARS (time-frequency resolved coherent anti-Stokes
Raman scattering).32,33

Independent of whether theuniVersal or precompiled
ansatz is followed, coherent control is the basis of quantum
information processingseither for the implementation of
elementary quantum gates and of complete algorithms or for
the preparation of special input states. In the next section,

Ψ(t) ) U(t) Ψ(t)0) ) e-iHtottΨ(t)0) (3)
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we thus will outline the concepts of coherent control and
optimal control theory.

3. Control of Molecular Quantum Systems

With the onset of laser technology in the 1960s, the idea
of laser control of molecular vibrations was born. Initial
suggestions focused on using intense narrow-band infrared
radiation to selectively address vibrational modes in a specific
chemical bond. However, this concept proved to be limited
to only a few molecular systems, since the coupling between
different degrees of freedom leads to very fast energy
redistribution. Selective control can be induced in a molecular
system by quantum interference. In this field of quantum
control, the spectral-temporal properties of coherent light
fields are adjusted to drive a given initial quantum state into
a preselected target state. From a manifold of possible
pathways, the optimal one is selected.

The first theoretical proposals for quantum control dis-
cussed three main control scenarios. The Brumer-Shapiro
phase control scheme directly exploits interferences between
different light-induced reaction pathways47 by simultaneously
applying two continuous wave (CW) laser fields of frequen-
ciesω and 3ω. By this scheme, energetically degenerate final
levels at an energy 3pω can selectively be addressed. The
second methodology is formulated in the time domain and
was proposed by Tannor, Kosloff, and Rice.48 It relies on
the precise timing of wave packets prepared on an excited
electronic state by a femtosecond laser pulse. The evolving
wave packet screens several nuclear configurations and can
be transferred back to the ground state when the desired
product configuration has been reached. The third control
scheme was suggested and realized by Bergmann and co-
workers and is known as “stimulated Raman adiabatic
passage” (STIRAP). It is a three-level control scheme and
relies on a counterintuitive sequence of pump and probe
pulses.49 In these three concepts, a single parameter was
varied, respectively, and different aspects of the common
mechanism of light-controlled quantum interference are
addressed. Optimal control theory (OCT) is designed to allow
the simultaneous variation of multiple control parameters in
a laser field, such as frequency, phase, and polarization,
which are tunable also in an experiment.50 Thus, it is the
appropriate choice to study control mechanisms in complex
quantum systems such as molecules. The theory of specif-
ically shaped femtosecond laser pulses in the context of
coherent reaction product control was already discussed by
Tannor and Rice,4 who used variational calculus to find the
optimal fields. Rabitz and co-workers5 and, independently,
Kosloff and co-workers6 have then established optimal
control theory for many-parameter quantum control. In 1992,
Judson and Rabitz7 paved the way to experimental realization
as they transferred the OCT concept to the experiment and
suggested the new method of closed-loop control.

3.1. Optimal Control: Theory and Experiment
Optimal control theory (OCT) is a very powerful tool for

calculating laser pulses, which will guide a quantum system
to any selected objective. Possible objectives for molecular
quantum systems are the preparation of specific eigenstates
(electronic, vibrational, rotational), specifically shaped wave
packets, or the localization of a wave packet in selected areas
on a potential surface. As already mentioned, the control
principle relies on the interaction of the electric field of the

laser light with the quantum system via constructively and
destructively interfering pathways. The electric field of a
femtosecond laser provides the necessary flexibility of
spectral and temporal properties to manipulate complex
molecular processes. OCT has already been applied suc-
cessfully to control ultrafast molecular reactions.51-53

The calculated pulses will not be perfect, due to necessary
approximations in the system Hamiltonian and in the
theoretical description of the environmental effects experi-
enced in the experiment. Nevertheless, the main character-
istics of the underlying control mechanism can be extracted
and the question of controllability of the selected objective
can be answered. Furthermore, the calculated laser field can
be used as an intelligent initial guess for the control
experiment.

The experimental analogue of OCT is the optimal control
experiment (OCE) first suggested by Judson and Rabitz7 and
realized in a closed loop setup54 that combines three main
parts: a genetic algorithm for the generation of the various
and increasingly optimized pulse forms, a pulse modulator
(liquid crystal device (LCD), acousto-optic modulator (AOM),
or flexible mirror) to realize the proposed pulse shapes, and
the molecular probe itself. For LCD modulators, a mask
function regulates the application of voltages to the individual
LCD pixels. Thus, their diffraction index is spatially
modulated, imprinting the pulse shape on a passing laser
beam in the frequency domain. The mask functionM(ω) is
the direct interface between theory and experiment. It can
be extracted fromεopt(ω), the Fourier transformed frequency
spectrum of the calculated optimized laser field, and a
Gaussian spectrumεFL(ω) that encompasses the modulated
spectrumεopt(ω) completely:55

This theoretically evaluated function exposes the complex-
ity of the control task and its realizability. It can be directly
put on the pulse modulator and serves as an “intelligent”
initial guess for an experimental closed loop setup.

3.2. Optimal Control Theory for Global Quantum
Gates

The task of OCT in molecular quantum computing is
highly demanding, since both multiple population transfer
and the phase evolution have to be controlled. The optimal
laser fieldε(t) must drive a system from a set of initial states
ψik(0) ) Φik (index i) at a timet ) 0 to multiple final target
statesΦfk (index f) at a fixed timet ) T. The initial and
target states correspond to the eigenstates defining the qubit
basis. In case of vibrational qubits, the basis states can be
either pure vibrational states or superposition states. The
calculated laser pulseε(t) represents the global quantum gate,
and its fidelity is defined as56

with

M(ω) )
|εopt(ω)|
|εFL(ω)|

(4)

fidelity ) |τ|2
N2

τ ) ∑
k)1

N

〈Φfk|ψik(T)〉 (5)
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whereN is the number of basis states andτ gives the overlap
between the desired target statesΦfk and the laser driven
wave functionsψik(t) at the final timeT. Algorithmic schemes
allow the formulation of the optimization problem by
maximization of the following multitarget optimal control
(MTOCT) functional:

The first term is the control aim with the target function
F(τ), which is here set up as a function ofτ. The target
functionF(τ) can be implemented in different ways, depend-
ing on the demands to be fulfilled by the control algorithm.
The second term in eq 6 represents the laser fieldε(t), which
drives the system wave functions toward the target states.
The field intensity is limited by the penalty functionR(t) )
R0/s(t). The overall shape functions(t) satisfies the experi-
mental demand of a smooth switch on and off behavior.57

The penalty factorR0 limits the time averaged laser intensity.
The last term of eq 6 ensures that the time dependent
Schrödinger equation is fulfilled at any point in time.Hsys is
the time independent Hamiltonian of the molecule, andµ is
the dipole moment vector field. The prefactorC depends on
the choice ofF(τ) and ensures the separability of the resulting
set of differential equations after variation of the functional.

To find a maximum, the functional is varied with respect
to its variablesψik(t), ψfk(t) (Lagrange multipliers), andε(t),
and the search forδK ) 0 leads to a set of 2N + 1 coupled
differential equations. This set of differential equations is
solved iteratively using forward/backward propagation and
results in one optimal laser fieldε(t) as a self-consistent
solution to this system.

Of highest importance for the application of OCT in the
context of molecular quantum computing is the fact that the
multitarget functional allows optimization of several transi-
tions within the molecule simultaneously with the same laser
pulse: A quantum gate has to operate correctly on each
possible qubit state, and in general, this quantum state is
unknown. To ensure this, the laser field has to drive the
correct population transfer starting from each state of the
standard qubit basis (in the following, this is referred to as
“global population transfer”), and moreover, the phases
between the standard basis states have to be set correctly.
The key effect of the multitarget algorithm is to extract the
characteristic features of single transitions and to combine
them into one global pulse. Depending on the definition of
F(τ), not only global population transfer is optimized but
also the phase evolution can be controlled. In the following,
we summarize three different formulations ofF(τ) applied
in the context of quantum computing.

Standard MTOCT. Global population transfer between
qubit basis states can be obtained when the target function
F(τ) is defined as

In this case, the prefactorC has the form

This target definition allows the control of global population
transfer but no phase control.

Phase Sensitive MTOCT.Global population and phase
control for each target wave function can be achieved when
the target function is defined as the real part of the overlap
with the target state:

In this case, the prefactorC equals one. With a given equal
global phase of allk target statesΦfk, also the relative phases
of the k laser driven statesψik(T) are correlated.

Phase Correlated MTOCT. A general OCT algorithm
for the optimization of unitary transformations was derived
by Palao and Kosloff.56,58 Transferred to the MTOCT
formalism of eq 6, the objectiveF(τ) now has the form

andC equals

This formulation guarantees the relative phase correlation
between all qubit transitions while the phase of the single
transitions need not directly be addressed. The additional
freedom introduced increases the flexibility of the algorithm
and generally yields better results (for a detailed analysis,
see ref 56). This method is closely related to a previous
approach developed in our group, which uses additional
superposition state transitions in the standard MTOCT.38 In
the following, we will present applications of the standard
MTOCT and of the phase correlated variant foruniVersal
quantum computing.

4. Universal Quantum Computing with Vibrational
Qubits

To analyze the requirements for pulse shaping techniques
and for molecular properties, we select the approach of
uniVersal molecular quantum computing with vibrational
qubits. A set of elementary quantum gates consisting of the
single qubit operations NOT gate, Hadamard gate, and a
phase gate (exemplarily aΠ gate), plus a controlled-NOT
(CNOT) gate as a two-qubit operation, has been chosen as
examples. The essential elementary logic operations can be
defined by the desired state-to-state transitions in the qubit
basis. For example, in a minimal two-qubit basis, the
optimized transitions for quantum gates acting on the second
qubit are as follows:

K(ψik(t),ψfk(t),ε(t)) ) F(τ) - ∫0

TR(t)|ε(t)|2 dt -

∑
k)1

N

2Re{C∫0

T〈ψfk(t)|(i/p)[Hsys- µε(t) +

(∂/∂t)]|ψik(t) dt〉} (6)

F(τ) ) ∑
k)1

N

|〈ψik(T)|Φfk〉|2 (7)

C ) 〈ψik(t)|ψfk(t)〉

F(τ) ) Re[∑
k)1

N

〈ψik(T)|Φfk〉] (8)

F(τ) ) |τ|2 ) ∑
k)1

N

∑
l)1

N

〈ψil(T)|Φfl〉〈Φfk|ψik(T)〉 (9)

C ) ∑
i)1

N

〈ψil(t)|ψfl(t)〉
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Depending on the sizen of the qubit system, 2n transitions
(2 × 2n for the Hadamard gate to ensure that it is self-inverse)
have to be realized by one laser field, which induces the
desired elementary quantum gate. Relative phase control, as
is needed for the Hadamard andΠ gates, is achieved by the
introduction of superposition states in the optimized transi-
tions as given in eq 10. If the phases of all transitions are
correlated in the right waysas is the case, for example, for
the Hadamard and theΠ gate in eq 10swe call the
corresponding gate or laser fieldphase corrector phase
optimized. In case exclusively the right population transfer
for all transitions is driven without special attention to the
relative phases between them, we label the corresponding
laser field or quantum gate simplyglobal.

Employing different optimization targets (discussed in
section 3.2) or state-to-state transitions, laser fields for either
population control or population and relative phase control
can be calculated. Since, in most system setups, population
and phase development take place on different time scales,
simultaneous control is the more challenging task. For the
vibrational qubit setup, the population transfer between
vibrational states can be accomplished within a few hundred
femtoseconds to some picoseconds, while the development
of the relative phases in superposition states is significantly
faster by a minimum of 2 orders of magnitude (with a time
scale of femtoseconds or even sub-femtoseconds). As a
consequence, it is advantageous to first treat population and
phase control separately. Detailed analyses have been carried
out of how the two control goals can be achieved and how
the implementation of essential quantum gates is influenced
by different molecular properties and experimental con-
straints of the laser system.36,37-40,59-64

In the following, we will review the fundamental results
of these investigations, with emphasis on the quantum gate
laser pulse shapes and the corresponding mechanisms. Fault
tolerant quantum computing requires extremely high ac-
curacy, with errors below 10-4.65,66The theoretical proof of
principle to reach any desired fidelity with modulated
femtosecond laser fields was given by Palao and Kosloff.56,58

However, to reach this limit in calculations, computer time
increases exponentially. In the corresponding coherent control
experiment, the time to solve the Schro¨dinger equation is
not a fundamental issue and depends only on the correct
implementation of the feedback loop. For the following
discussions of laser field shapes and mechanisms, this limit
of accuracy is not pursued, as there are only negligible effects
on general mechanistic features and trends observed, when
the fidelity is driven above 99%.

4.1. Elementary Gate Operations: Population
Control and Mechanisms

To obtain results which could easily be compared with
spectroscopic data and transferred to an experiment, we have
optimized and analyzed the set of elementary quantum gates
in a systematic approach in parametrized, analytical model
systems. We have identified the anharmonicity of the qubit
normal modes and the coupling between the qubit normal
modes as parameters with fundamental influence on the
resulting pulse structure and have varied them individually
in our optimization studies. The interplay of anharmonicity
and coupling results in the rich structure of molecular
vibrational eigenstates and in an increasing spectral density
when turning to higher excitations.

Figure 3a shows population optimized laser fields for all
elementary quantum gates of the selected universal set in a
two-qubit model system. In this system, the second, active
qubit normal mode has an anharmonicity of 43 cm-1 and
the coupling between the two qubit normal modes is 8 cm-1.
In the following, model systems are labeled according to
the scheme anharmonicity-coupling given in wavenumbers.
Thus, the system considered here is referred to as system
43-8.

The elementary gates NOT, CNOT, Hadamard, andΠ
have been calculated for a minimum durationT needed to
achieve a yield of>99%, as well as an experimentally
feasible peak intensity in the range of 1010 W/cm2,62 which
lies well below the ionization limit. Also displayed in Figure
3a are the mechanisms of population transfer, starting from
the basis states|00〉 or |10〉 for NOT, CNOT, and Hadamard
gates, and from 1/x2(|00〉 + |01〉) and 1/x2(|10〉 + |11〉)
for theΠ gate. The time integrated frequency spectra of the
specially shaped laser pulses are depicted in Figure 3b,
together with the excitation frequencies for desired qubit
transitions in black and the spectral region of undesired
overtone transitions in gray.

All elementary quantum gate laser fields show a multipulse
substructure. The longest and most complex laser field arises
for the Hadamard gate with the most demanding optimization
task of population and relative phase control. For NOT,
CNOT, andΠ gates, the short subpulses interfere in the
frequency domain such that qubit transition energies and
overtone excitations are spectrally well resolved (see drops
in intensity in the frequency spectra, Figure 3b). Thus, NOT,
CNOT, and Π gates work without significant overtone
excitation, in contrast to the Hadamard gate. Their mecha-
nisms are correspondingly simple. On the other hand, all
spectra in Figure 3b, especially those of the NOT, CNOT,
andΠ gates, show an overhead of superfluous frequencies.
This results from the fact that the shortest possible quantum
gate implementations were optimized, which yields se-
quences of relatively short and thus broad-band subpulses.
The superfluous frequencies are blue-shifted, beyond the
range of any possible transitions, to avoid undesired laser-
molecule interaction. To provide a physical interpretation
of the quantum gate laser field structures, we will elucidate
the mechanistic aspects in more detail.

NOT. For a NOT gate, the active qubit has to be flipped
irrespective of the values of all other qubits. Accordingly,
in ann-qubit system, 2n transitions with 2n-1 slightly different
excitation energies have to be driven while overtone transi-
tions have to be avoided. The spreading of the qubit transition
frequencies for different values of the passive qubit(s) and
their separation from the overtone excitation energies depend

NOT: |00〉 T |01〉 and |10〉 T |11〉

Hadamard:|00〉 T
1

x2
(|00〉 + |01〉),

|01〉 T
1

x2
(|00〉 - |01〉), |10〉 T

1

x2
(|10〉 + |11〉),

and |11〉 T
1

x2
(|10〉 - |11〉)

Π:
1

x2
(|00〉 + |01〉) T

1

x2
(|00〉 - |01〉) and

1

x2
(|10〉 + |11〉) T

1

x2
(|10〉 - |11〉)

CNOT: |00〉 f |00〉, |01〉 f |01〉, and |10〉 T |11〉
(10)
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on the molecular parameters coupling and anharmonicity.
The presented NOT laser field in the system 43-8 is almost
time symmetric. The first prominent subpulse in combination
with two intense but very short subpulses merely effects a
slight population oscillation. Here, the transition frequencies
|00〉 T |01〉 and |10〉 T |11〉 are similar enough for the
switching process to be carried out in one step during the
second prominent subpulse. More complex mechanisms
might occur in higher dimensional systems (see section 4.3)
or systems with different relative magnitudes of anharmo-
nicity and coupling (see section 4.2).

CNOT. For a controlled two-qubit flip gate, the specially
shaped laser field also needs to distinguish between the
transitions within the qubit basis, in a way that the active
qubit is only flipped when the passive qubit is in the defined
state. The selective addressability of the corresponding
transitions is enabled through their slightly shifted excitation
energies due to the coupling between normal modes. We
interpret this interaction between qubit normal modes as
“inherent entanglement”, which allows for a straightforward
implementation of two qubit gates like the CNOT gate.62

Thus, in a molecular vibrational qubit setup, multiqubit gates
like the CNOT or the Toffoli gate are in general realized
more easily with a single laser molecule interaction than in
a setup which uses external degrees of freedom (i.e.,
vibrational modes addressed in an ion trap setup to activate
the interaction between single ions). For example, the CNOT
gate laser field in the two-qubit system 43-8 selectively drives
the transition|10〉 T |11〉, while the states|00〉 and|01〉 are
not switched (see Figure 3a, second panels). The two
transition frequencies|00〉 T |01〉 and |10〉 T |11〉 are
spectroscopically not resolved in the laser field spectrum (see
Figure 3b), and intermediate population transfer results also
for the initial states|00〉 and|01〉 . Still, the correct switching
process is accomplished at the end of the laser pulse sequence
due to the different relative phase development in the
intermediate superposition states 1/x2(|00〉 + eiφ1|01〉) and

1/x2(|10〉 + eiφ2|11〉) and a correspondingly different action
of the laser pulse sequence.

Hadamard. As already stated, the Hadamard gate in the
two-qubit model system displays the most complex mech-
anism. At first sight, the Hadamard gate should be the
simplest elementary gate, since the switching processes of a
NOT gate have to be implemented only halfway.60 However,
taking into account the right relative phase development and
also ensuring that the Hadamard gate is self-inverse result
in a much more complicated optimization task. For the
minimum duration of the Hadamard gate operation in the
system 43-8, no spectral discrimination of the desired qubit
transitions from the undesired transitions to the first overtones
(02) and (12) is achieved. As a consequence, the mechanism
involves strong population oscillations and also extensive
overtone excitation. This comparatively rich structure is
necessary to achieve the desired population and relative phase
control.

Π Gate. Phase gates like theΠ gate demand for the
control of the phases of individual qubit basis states (i.e.,
their relative phases in a superposition state) without need
for population transfer. Nevertheless, they can be imple-
mented by laser interaction. The corresponding mechanism
relies on population transfer and interference of different
pathways starting from the various qubit basis states. When
the phase gate laser fields are applied on superposition states,
only intermediate population transfer occurs, as depicted in
Figure 3a for theΠ gate in the system 43-8. Accordingly,
mostΠ gates optimized for superposition state to superposi-
tion state transitions result in net population transfer if they
are applied on pure basis states. Since such phase gates only
work correctly with superposition states, technically they are
not basis set independent. A practical alternative to laser-
induced phase shifts is to use simply the free phase evolution
of basis states (in superpositions), as will be discussed in
section 4.4.

Figure 3. Universal set of elementary quantum gates in the model system 43-8: (a) laser fields (top row) with two selected mechanisms
below; (b) spectral intensity of the quantum gate laser fields. The overtone region is marked in gray, and the qubit transitions are indicated
as black bars.
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4.2. Influence of Molecular Parameters

The quantum gate laser field structures discussed above
are based on one specific model. Nevertheless, some general
features can be retrieved for all systems tested. From our
systematic investigations in various model systems with
different molecular parameters, it has become evident that
the complexity of a quantum gate implementation depends
sensitively on the interplay of anharmonicity and coupling,62

parameters that have been introduced in section 4.1. The
anharmonicity defines the spectral separation from the
overtone ladders of the individual qubit modes60,62 and
provides for a more or less isolated two-level system.
Consequently, a high anharmonicity is desirable and facili-
tates the implementation of all elementary quantum gates.
The selective addressability of the transitions within the qubit
basis is determined by the coupling between the qubit normal
modes. The net effect of the coupling on the quantum gate
complexity depends on its magnitude relative to the anhar-
monicity; that is, a big ratio of anharmonicity/coupling
generally yields simpler quantum gate laser fields and
mechanisms.62 This is easily understood for NOT, Hadamard,
and phase gates, for which the spectral separation from
overtone transitions plays the decisive role. For such one-
qubit gates, close lying qubit transition frequencies are
favorable. An extension of this scheme to the CNOT gate,
which depends on the switching condition given by the
coupling, is not immediately evident. However, the trend of
a favorably high ratio of anharmonicity to coupling can be
understood from the analysis of the quantum gate complexi-
ties and mechanisms in model systems with different
parameters.

Figure 4 displays examples of laser fields with minimum
durations and a yield of>99% for the CNOT gate in different
two-qubit model systems, together with their mechanisms
starting from |01〉 and |11〉 in part 4a. In Figure 4b, the
frequency spectra of the laser fields are presented, with the

qubit transition frequencies marked in black and the range
of overtone transition frequencies marked in gray. The CNOT
laser field for the model system with high anharmonicity
and small coupling (43-8) and the corresponding mechanisms
have already been discussed in the previous section. Because
of the small coupling, the|00〉 T |01〉 transitions cannot be
spectrally resolved from the desired|10〉 T |11〉 transitions,
and a selective switching process is enabled by the phase
evolution of the superposition states generated intermediately.
A substantially higher coupling, which allows for spectral
resolution of the desired and undesired qubit transitions, does
not necessarily result in a less complex laser field structure
or simpler mechanisms. This is shown exemplarily with the
system 43-24 in Figure 4. Here, the frequency for the desired
|10〉 f |11〉 transition lies equally well separated from that
of the undesired|00〉 T |01〉 qubit transition and that of the
(02) overtone excitation starting from|01〉. As a conse-
quence, the shortest possible laser field contains all three
frequencies and a more complex mechanism with intermedi-
ate overtone excitation results. For the case of similar
magnitudes of anharmonicity and coupling, as in the third
system 28-24 in Figure 4, a discrimination between|00〉 T
|01〉 and |10〉 T |11〉 transitions by spectral resolution is
obtained, while the frequency for the|10〉 T |11〉 transition
and the overtone excitation (01)T (02) almost coincide. A
selective switching process is again accomplished by virtue
of the different relative phase evolutions of intermediate
superposition states 1/x2(|01〉 + eiφ1|02〉) and 1/x2(|10〉 +
eiφ2|11〉). The duration of the corresponding CNOT laser field
is significantly increased compared to the systems with higher
anharmonicity/coupling ratio.

As a general aspect, different transitions can be distin-
guished not only spectroscopically but also via the slightly
different relative phase evolution of intermediate superposi-
tion states.62 Thus, where no spectral resolution for a given
laser field duration is possible, a discrimination of desired

Figure 4. CNOT laser fields for different model systems with varying anharmonicity and coupling: (a) laser fields (top row) with two
selected mechanisms below; (b) spectral intensity of the quantum gate laser fields. The overtone region is marked in gray, and the qubit
transitions are indicated as black bars.
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and undesired qubit or overtone transitions is achieved by
interference of different pathways, that is, the effect of
different interaction of intermediate superposition states with
the same pulse sequence.

So far, quantum gate laser fields with the shortest possible
durations necessary for appreciable fidelities>99% have
been presented. They all consist of a sequence of shorter,
partially overlapping subpulses with a correspondingly broad
frequency distribution. As expected, with longer gate dura-
tions T, which allow also for longer subpulses and a better
frequency resolution, extremely simply shaped quantum gate
laser fields and one-step adiabatic mechanism can be
obtained.62 Exemplarily, this is shown for the CNOT gate
in the model system 43-8 in Figure 5. The laser field with a
duration of 5500 fs displays an extremely simple structure
of two strongly overlapping subpulses. This is a very
prominent pulse sequence for CNOT gates, which was found
for various molecular systems with different parameters.39,40,62

Such a pulse structure should be realizable straightforwardly
with state-of-the-art experimental techniques (see section 6).
More complex structures will be attainable in the IR regime
as soon as direct shaping with masks in the frequency domain
has become a standard laboratory technique in this spectral
region. In conclusion, there is a choice between short,
strongly modulated quantum gate laser fields and longer,
simply structured pulse trains.

4.3. Quantum Gates in Higher Dimensional
Systems

The influence of molecular parameters also enters the
scaling of the quantum gate complexity with the dimension
of the qubit system. We have investigated this dependency
of the quantum gate complexity in some three- and four-
qubit model systems, for which we calculated the essential
quantum gates NOT, CNOT, and Hadamard with the shortest
possible durations. From this set, we constructed a sequence
to prepare a maximally entangled three-qubit GHZ state.64

Figure 6 shows for comparison NOT gate laser fields on
the last qubit with minimum duration, for yields of>99%
in the cases of the two- and three-qubit systems and<92%
in the case of the four-qubit system. The optimized transitions
are

in the three-qubit system, and

Figure 5. CNOT laser fields optimized for two different durationsT: (left side) minimum duration; (right side) “optimal” duration, with
two selected mechanisms.

Figure 6. NOT gate laser fields for higher dimensional systems: (a) laser fields for 2D, 3D, and 4D systems; (b) the corresponding spectra
with overtone regions marked in gray and the qubit transitions indicated as black lines.

|000〉 T |001〉
|010〉 T |011〉
|100〉 T |101〉
|110〉 T |111〉 (11)
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in the four-qubit system.
For an increasing number of qubits, in compliance with

an increasing pulse duration and a more defined pulse
structure, the superfluous red- and especially blue-shifted
spectral intensity parts diminish. This can again be explained
by the influence of anharmonicity and coupling. For a flip
gate on one qubit, like NOT and Hadamard, the 2n-1 slightly
different transition frequenciesωk, which have to be driven
simultaneously, require an increasing spectral bandwidth of
the driving laser pulse as the size of the qubit system
increases. Due to the coupling between normal modes,
however, the spectral separation between the qubit transitions
(Figure 6a, in black) and overtone transitions (Figure 6b, in
gray) decreases and the frequency modulation needs to be
very sharp in this region. Correspondingly, longer pulse
sequences result from the optimization to ensure selective
addressability of the qubit transitions.

For the CNOT gate or any other controlled gate, the
respective qubit transitions would have to be resolved in
addition. In a three-qubit system, for example, the CNOT
gate acting on the third qubit, and with the second qubit as
control qubit, needs to distinguish between the desired|010〉
T |011〉 and |110〉 T |111〉 transitions and the undesired
|000〉 T |001〉 and |100〉 T |101〉 transitions. The CNOT
implementation then sensitively depends on the difference
of the coupling parameters between qubits two and three and
qubits one and three, since this determines the separation of
the |010〉 T |011〉 and|100〉 T |101〉 transition frequencies.
For a controlled three-qubit operation, that is, the Toffoli
gate, the situation in a three-qubit system is less demanding,
since, in correspondence to a CNOT gate in a two-qubit
system, only the|110〉 T |111〉 transition needs to be
selectively driven.64

In conclusion, turning to higher dimensional systems, the
same parameters are important and the same rules apply that
have been extracted for the two-qubit systems. Moreover,
the feasibility of quantum gates in multiqubit systems
depends strongly on the ratio of anharmonicity of the active
qubit mode compared to the sum of coupling parameters
which enter the excitation energy of the maximally excited
qubit state |1...1〉. The control task of two-qubit gates
becomes increasingly complex in more than two-dimensional
qubit systems, as the spectral positions of desired and
undesired transitions alternate. Correspondingly, the most
effective CNOT mechanism here does not rely on spectral
resolution, but once more on the different phase evolutions
of intermediate superposition states.64

4.4. Phase Control and Phase Evolution
The phase development of qubits encoded in vibrational

levels of molecules differs from that in implementations using
identical physical systems for the respective qubits such as
atoms in cavities and ions in traps. The inherent entangle-

ment, which is due to the coupling between normal modes,
on the one hand, enables the straightforward implementation
of two-qubit (entangling) gates. On the other hand, the
slightly different transition energies within the qubit basis
result in a rather complex relative phase evolution in
superposition states. The role of phase development and
phases has been discussed extensively in refs 38 and 63. In
the following, we will briefly explain the specific aspects of
the phase evolution of vibrational molecular qubits and how
to control it or utilize it for the implementation of phase gates.
For comparison and completeness, we also elucidate the
importance of relative phases and their evolution for the
concept ofprecompiledquantum computing with rovibra-
tional and electronically excited states.31,33,46

The free phase evolution of each state of a vibrational
n-qubit basis is governed by its distinct eigenenergy:

Consequently, the relative phase evolution of a superposi-
tion stateΨ(t0) ) ∑k)1

2n
ck|(1... n)k〉 of n qubits is governed

by the eigenenergies, or rather by the eigenenergy differences
of the k involved standard basis states. This rapid relative
phase development can be visualized by the autocorrelation
function of a superposition state:63

The free evolution of the relative phases in superposition
states during a defined time interval∆t ) t - t0 can also be
interpreted as a specific phase gateÛφk and used as part of
a quantum algorithm. The fidelity of a desired phase gate is
then easily derived from63

with the relative phases∆θkl of the initial states and∆φkl of
the target states. The maxima of the functional in eq 15 give
an optimal duration∆t for the desired phase gate. Such free
evolution phase gates can be used either to implement pure,
conditional phase gates, such as theΠ gate or the phase gate
needed for a quantum Fourier transform (see section 5), or
to ensure the phase correctness of globally optimized laser
fields, as we will demonstrate in the following.

During the impact of a laser field, which induces a specific
quantum operation, say a CNOT gate, the phase evolution
of qubit states depends on the phase of the laser pulse. In
general, the relative phase evolution during a CNOT gate in
a two-qubit basis is for each qubit state as follows:

|0000〉 T |0001〉
|0010〉 T |0011〉
|0100〉 T |0101〉
|1000〉 T |1001〉
|0110〉 T |0111〉
|1010〉 T |1011〉
|1110〉 T |1111〉 (12)

Û(t-t0)|(1...n)k〉 ) eiωk(t-t0)|(1...n)k〉 (13)

|〈Ψ(t0)|Û(t-t0)|Ψ(t0)〉|2 )

∑
k)1

2n

|ck|4 + ∑
k)1

2n

∑
l>k

2n

2|ck|2|cl|2 cos(∆ωkl(t-t0)) (14)

|〈Ψ(t0)|Ûφk

†Û(∆t)|Ψ(t0)〉|2 ) ∑
k)1

2n

|ck|4 +

∑
k)1

2n

∑
l>k

2n

2|ck|2|cl|2 cos(∆ωkl∆t + ∆φkl - ∆θkl) (15)

|00〉 f e-iφ00|00〉

|01〉 f e-iφ01|01〉

|10〉 f e-iφ11,laser|11〉

|11〉 f e-iφ10,laser|10〉

(16)
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Starting from a maximum superposition state in a two-
qubit basis,1/2(|00〉 + |01〉 + |10〉 + |11〉), this results in a
superposition state with the corresponding relative phases:

The phasesφ00 and φ01 are determined by the free
evolution of the respective eigenstates, while the laser-driven
states|10〉 and|11〉 exhibit phasesφ11,laserandφ10,laserwhich
additionally depend on the laser pulse phase and the driven
states. Corresponding considerations apply to NOT, Had-
amard, andΠ gates.

For the successful application of elementary quantum gates
in any sequence or quantum algorithm, the individual

quantum gates need to be phase correct. This means that,
up to an arbitrary global phaseφg, the phases of all transitions
need to be exactly controlled, as given by the unitary matrix
of a quantum gate. For our example, of the two-qubit CNOT
gate, the phases in eq 17 must meet the conditionφ00 ) φ01

) φ11,laser) φ10,laser) φg. This is not guaranteed forglobal
quantum gates, as is exemplified for the CNOT laser field
displayed in gray in Figure 7a. It has been optimized with
the MTOCT functional and for the transitions of eq 10 and
induces the right population transfer with a yield of>99%
(reflected in the unit length of the gray arrows in Figure 7a).
However, the phase development, shown in Figure 7a by
means of the complex coefficients of the overlap between
target wave functionsΦk and laser driven wave functions
Ψk(T), is different for each of the four transitions (gray

Figure 7. Phase correct CNOT gate in the 2D acetylene model: (a) The left, top panel shows the construction from a laser field optimized
for global population transfer (gray) and a defined delay (black). The graph below displays the evolution of the gate fidelity according to
eq 5. To the right, the projections of the laser-driven initial states onto the target states are represented in the complex plane after the laser
field (gray) and after the delay (black). (b) Direct optimization of phase correct CNOT laser fields with different optimization targets and
the optimal durationT from Figure 6a. The left panels show the development of the quantum gate fidelity, and the right panels show the
laser fields of the final iteration, except for the case of MTOCT (second from top). Here the laser field with highest fidelity at iteration
number 112 (indicated by the arrow in the left panels) is selected.

1
2
(|00〉 + |01〉 + |10〉 + |11〉) f e-iφ00|00〉 + e-iφ01|01〉 +

e-iφ11,laser|11〉 + e-iφ10,laser|10〉 (17)
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arrows). All arrows point into a different direction; that is,
the phase development is different for each of the four
transitions (φ00 * φ01 * φ11,laser* φ10,laser), and due to this,
the fidelity (eq 5) of the corresponding CNOT gate is only
∼12%. One can, however, compensate for this arbitrary
phase development by an additional, well-defined delay,
during which the relative phases freely develop according
to eq 13 and are finally synchronized as desired. In the case
of the CNOT gate considered in Figure 7a, after a delay of
100 fs following the laser field interaction, all phases in the
qubit basis are adjusted in the right way,φ′00 ) φ′01 ) φ′11,laser

) φ′10,laser, and collapse to one global phaseφg. The sequence
of laser field and free evolution results in an altogether phase
correct CNOT implementation and a rise in fidelity to>99%.
This is shown in Figure 7a, in black, respectively.

In section 3.2, we have introduced different functionals
to optimize phase correct elementary quantum gates. In
practice, it is not a simple task to optimize population and
phase control simultaneously. Even relative phase control is
a harder task than pure population control, as can be deduced
from a comparison of Hadamard and NOT gates for a
specific system (see section 4.1)sthe Hadamard laser fields
are much more complex or have an increased duration. This
is based on the fact that the relative phase development takes
place within femtoseconds, on the order of the time scale of
the driving laser field oscillations. Thus, the total duration
T in eq 6 is an extremely sensitive optimization parameter.
As a consequence, for most “preselected”T, more complex
laser fields result forphase optimizedquantum gates than
for global quantum gates and each optimization algorithm
(eq 6 to eq 9) converges to different results. However, there
exists an optimal durationT, for which the same simply
structured laser field and a high fidelity for the corresponding
quantum gate are received from all algorithms. This optimal
time T can be deduced from the duration for aglobal laser
field plus the subsequent time delay needed for the right
phase synchronization during free evolution. Figure 7b shows
time optimized runs for the CNOT gate in the system used
in Figure 7a, with three different types of optimization algo-
rithms (the multitarget state-to-state algorithm is used twice,
with superpositions as “Sup” and without as “MTOCT”).
For this optimal time, all algorithms yield the same phase
optimized laser field with a fidelity of>99%. Even with
the phase insensitive MTOCT algorithm, intermediately the
phase correct laser field is found (iteration 112). This is
indicated by the arrow in Figure 7b, left panel; the corre-
sponding laser field is shown in Figure 7b, right panel. The
following iterations only change the phase of the laser field,
and thereby, the fidelity starts to oscillate. This already hints
at the fact that the correct action of a quantum gate laser
field in a sequence delicately depends on the stabilization
of its phase.

The principle of “coherent control” relies on the interplay
of the phases of molecular quantum states and that of the
laser field. If in a sequence of quantum gates the phase of
one laser pulse is shifted with respect to the others, its action
on the intermediate qubit superposition state is altered. As a
consequence, the result is tampered with. The effect of a
shifted phase of one pulse can be counterbalanced by
additional delays, such that the phase relations of the qubit
basis states in superpositions are matched to the phase of
the next laser pulse, and the desired operation is retrieved.63

The implementation of quantum algorithms by sequences of
shaped pulses for global population transfer plus intermediate

delays for phase synchronization provides a very flexible
tool kit. Still, for a quantum algorithm to work reliably, a
highly sensitive phase stabilization of individual quantum
gate laser fields is necessary. The techniques for phase
stabilization of short laser pulses have recently been devel-
oped.67,68 Due to the rapid and complex relative phase
development within the qubit basis, also the synchronization
of consecutive laser pulses needs to be very precise. The
time scale lies in the regime of sub-femtoseconds to a few
femtoseconds, since all relative phases of basis states in a
superposition have to be exactly set. This task of phase
control becomes increasingly complex in higher dimensional
qubit systems. For a simplified and more robust approach,
only the phases between those basis states coupled by the
next quantum gate laser pulse need to be synchronized.63

This corresponds to a projection of the phase space onto that
of the single relevant qubit, which is addressed in the next
quantum gate. Moreover, it denotes a transition toprecom-
piled quantum computing, as such a sequence cannot be
divided into overall phase correct elementary gates any more.

For precompiledquantum computing, the relative phase
and its evolution in a superposition of molecular states, that
is, a molecular wave packet, also plays the decisive role. In
the approaches presented by Bihary et al.,33 Vala et al.,31

and Teranishi et al.,46 a phase modulated laser pulse is applied
to form a wave packet with information encoded in the
defined relative phases. Either the laser field serves as the
quantum algorithm itself,31,33 or the initial wave packet is
prepared in a special way, such that the quantum algorithm
can be implemented solely by the free evolution of the
system.46 In the latter case, a different encoding of the qubit
logical states in rovibrational superpositions is necessary and
is given by the transformation matrixuCNOT that diagonalizes
the desired unitary transformation, for example, for a CNOT
gate in a two-qubit basis:

In conclusion, molecular vibrational quantum computing
can be viewed as a wave packet interferometry experiment.
For uniVersal quantum computing, the relative phases
between laser pulses in a sequence of elementary quantum
gates are important, and thus, the laser fields must be phase
stable and well synchronized in time (including the delays).
For the examples ofprecompiledquantum computing given
so far, the global or absolute phase of the laser pulses, which
prepare the input information, is not important but only the
relative phases of spectral components, which are imprinted
in the prepared wave packet. This, of course, is an advantage
for precompiledquantum computing. However, it is unclear
how increasingly complex quantum algorithms can be
realized within theprecompiledapproach.46

5. Examples of Quantum Algorithms
The implementation of some touchstone algorithms already

has been demonstrated or even realized experimentally using
femtosecond laser techniques as quantum gates on qubits
encoded in internal motional states of molecules.31,33,38,63

Referring to the example of vibrational quantum computing
with polyatomic molecules, Figure 8 shows theoretical

CNOTdiag ) uCNOT
-1(1 0 0 0

0 1 0 0
0 0 0 1
0 0 1 0

)uCNOT ) (1 0 0 0
0 -1 0 0
0 0 1 0
0 0 0 1

)
(18)
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realizations of a two-qubit Deutsch-Jozsa (DJ) algorithm
(Figure 8a)38 and a two-qubit quantum Fourier transform
(QFT) (Figure 8b)63 in different qubit systems.

The DJ algorithm allows us to extract an essential feature
of an unknown function of one (n) bit(s) by measuring only
once (2n + 1 times), while any classical algorithm would
require at least two (2n-1 + 1) measurements. The action of
the unknown functions is encoded in an oracle transformation
U2. The DJ sequence in Figure 8a has been calculated for
the model system acetylene introduced in section 2.1.1. In
this sequence,phase optimizedlaser fields have been used
to implement the quantum gates. The index denotes the qubit
each gate acts on. The oracle functionU2 is represented by
a NOT or Identity gate for constant functions and by a CNOT
or ACNOT gate (with reversed switching conditions) for
balanced functions. The probability for measuring the right
outcome in the presented sequence is>94%. Errors stem
from the accumulation of small deviations from the ideal
implementation (100% fidelity) of the individual elementary
quantum gates, which have been optimized with fidelities
between 95% and 99%. An alternative scheme using
electronically excited vibrational states has been proposed
by Ohtsuki.34

The QFT is an essential ingredient in quantum algorithms,
which rely on the extraction of the periodicity of a function
or the so-called phase retrieval, with one prominent example
being Shor’s factoring algorithm. The QFT sequence in
Figure 8b has been optimized exemplarily for the two-qubit
model system 43-8. The Hadamard gates have been opti-
mized phase correctly, while the CNOT gates are imple-
mented with population optimized laser fields plus a defined
delay to synchronize all phases. The conditional phase gate
Ui|11〉

is implemented solely via the relative phase development
during the free evolution between the two Hadamard gates.
The fidelity of the total sequence is>99%, corresponding

to the high fidelity of the individual quantum gates of>99%.
This emphasizes the fact that, disregarding any external error
sources, a high fidelity of quantum algorithms can be
guaranteed by a precise optimization of the individual
quantum gates.

6. Experimental Realization Strategies
In section 3.1, we have already addressed the generation

of highly modulated laser pulses with very complex struc-
tures in various coherent control experiments. The majority
of these experiments has used laser pulses in the UV/vis
region, which can be formed with state-of-the-art, direct
shaping techniques. Amplitude and phase masks are applied
to LCDs, AOMs, and deformable mirrors for modulation in
the frequency domain. Thus,precompiledquantum comput-
ing with rovibrational states in electronically excited mol-
ecules should be straightforwardly realizable experimen-
tally.45 The implementation of a DJ algorithm in a
corresponding scheme has already been demonstrated by
Vala et al.31

In the IR regime, direct shaping in the frequency domain
has not been possible for a long time, and as yet, only simply
shaped structures are available. Pulse trains with defined
relative phases and delays are now accessible through direct
and indirect shaping methods explained in refs 69-71.

ForuniVersalquantum computing with vibrational qubits,
we found that all quantum gate laser fields are constituted
by a sequence of partially overlapping subpulses (see section
4.1). With appropriate optimization parameters, simply
structured pulse trainsε(t) can be obtained, which should
be realizable straightforwardly in an experiment (see section
4.3):

The decisive parameter for the correct action of a pulse
train is the relative phase relation between the individual
subpulses.39 It consists of the subpulse carrier-envelope
phasesæCEP,k plus the phases additionally introduced during
their delays byω0,k(t-t0,k). As long as the correct relative

Figure 8. Pulse sequences for quantum algorithms on vibrational qubits: (a) Deutsch-Jozsa sequence; (b) the quantum Fourier transformation.

Ui|11〉 ) (1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiπ/2) (19)

ε(t) ) ∑
k

ε0,ke
-((t-t0,k)/τG,k)2

cos(ω0,k(t - t0,k) + æCEP,k)

(20)
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phase relation is conserved, a variation of the delay between
the subpulses is possible, allowing for some flexibility in
the selection of the delay times. This has been demonstrated
with simply structured CNOT gates in different two-qubit
systems.39,40 The sensitivity of the pulse sequence to the
relative phase is analogous to the dependence of the correct
implementation of quantum gate sequences on the relative
phase of consecutive elementary gate laser pulses. Figure 9
schematically depicts the reconstruction of a CNOT laser
field in a qubit system comprising a state which is anhar-
monically resonant to the qubit basis state|11〉, labeled as
|11〉*. The left panels show (from top to bottom) the
optimized CNOT laser field and the five Gaussian shaped
subpulses as used for its reconstruction, superimposed on
the optimized laser field in gray. The right panels show the
reconstructed laser field in black superimposed on the
originally optimized one in gray. There are only slight
deviations in the amplitude profile. The graphs below display
the mechanisms of global population transfer induced by the
reconstructed CNOT laser pulse sequence together with the
original mechanisms, indicated by the dashed lines. Even in
this rather complex model system, containing the resonant
state|11〉*, the CNOT gate is reproduced well by the simple
Gaussian pulse sequence, with a minimum yield of 91%
compared to the 96% of the optimized laser field.

In summary, for all elementary quantum gates in our model
systems, a pulse structure could be optimized which is
decomposable into a train of simple Gaussian subpulses.
Thus, elementary steps of quantum information processing
should be realizable in molecular vibrational and/or electronic

qubit systems with state-of-the-art (direct and indirect)
shaping techniques.

7. Future Challenges
We have reviewed the fundamental concepts of applying

molecular systems controlled by femtosecond lasers in
quantum information processing, which have been estab-
lished in theory and experiment. To further promote mol-
ecules as practical quantum computing devices in a larger
context, work has progressed on issues such as decoherence
and scaling.

Control of Decoherence.Theories for the application of
optimal coherent control to realize quantum computational
operations and algorithms have been established and dem-
onstrated in decoherence-free model systems. Experimental
realizations31-33 of qubit operations have been relying on the
fact that qubit logic operations occur on a much shorter time
scale than decoherence does. The issue of decoherence is of
course an important one for coherent control in general, and
research on this topic has been quite extensive (see, e.g.,
the review by Shapiro and Brumer72). In fact, the possibilities
inherent in the control of quantum systems by specially
shaped laser fields already allow us to counteract a certain
amount of dephasing and dissipation, as has been proven,
for example, for the case of intramolecular vibrational
redistribution, IVR. In the case of IVR, optimal control
functionals have been successfully applied to achieve selec-
tive state preparation.59,73,74

Apart from intramolecular decoherence, also decoherence
phenomena which appear through noise from the environ-

Figure 9. Reconstruction of a CNOT gate in the 3D acetylene model for experimental realization by a train of simply shaped subpulses.
Left panels from top to bottom: optimized laser field (black) and the five Gaussian pulses for reconstruction (black) together with the
original optimized laser field in gray. Right panels from top to bottom: reconstructed (black) and original (gray) laser fields. The mechanisms
of the reconstructed laser fields are indicated by solid lines, and the original mechanisms are indicated by dashed black lines.
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ment are important for the practical implementation of
quantum computing. Approaches to handle this source of
decoherence are mainly concerned with quantum error
correction or selection of decoherence-free subspaces.75 The
schemes developed for quantum error correction in general
can be straighforwardly transferred to the quantum systems
controlled by femtosecond lasers. The error correction
scheme, however, requires an even increased scaling of the
quantum system with the number of qubits (one logical qubit
is encoded in several physical qubits or states) and also in
the number of logic operations needed to implement an
algorithm (additional error measurement and correction).
Within the regime of quantum computing with femtosecond
laser fields, two aspects of decoherence control or reduction
have been addressed recently: counteracting statistical noise
from the environment during quantum logic operations or
minimizing noise effects on a desired prepared qubit state.
For the first case, fighting decoherence during control or
switching processes, Rabitz et al. have actually shown that
it is not possible to achieve high yields if the coherence
lifetime is short compared to the control interaction time.76

For the latter case of protection of a prepared quantum or
qubit state against noise during free propagation, Kosloff et
al. have brought up the idea of a quantum governor, a scheme
in which automatical detection and correction of errors
without actually measuring the errors is possible.77

For practical implementations, we think that it is most
useful to fight decoherence by artificially restricting the qubit
state space such that decoherence times are much longer than
operation times. We have already discussed this approach
in the introductory sections on quantum and qubit systems,
and it seems quite natural that qubit basis states should be
selected that satisfy this precondition. Tannor et al. have
additionally brought forth a method of local control which
enables the restriction of the evolution of a system to within
this selected set of qubit states.78 Another method of dealing
with system internal decoherence is the concept of multilevel
encoding. As in quantum error correction, logic qubit states
are encoded in multilevel subsystems. However, no readout
or error correction steps are necessary, as the quantum logic
operations can be constructed in a way that their fidelity is
not affected by decoherence within the subsets.79,80

Scalability. While, at present, several approaches, headed
by ion traps and NMR experiments, but also concepts with
photons,81 solid states,82 and internal molecular modes,31,32,33

have demonstrated basic gate operations and are even able
to prove that quantum computing has become reality with
few qubits,22-28 large scale quantum computation is still a
vision which requires ongoing research. In the end, only a
large scale quantum computer will be able to efficiently solve
some of the most difficult problems in computational science,
such as integer factorization, quantum simulation, and
modeling, intractable on any present or conceivable future
classical computer.

In principle, two pathways for scaling can be followed:
enlargement of a single quantum register, or a network with
nodes consisting of smaller units, hopefully achieving both
speed and storage capacity increases. The conceptually
easiest way to enlarge the qubit system in the molecular
approach is to address more normal modes and to use larger
molecules. In principle, the number of vibrational qubits in
anN-atom molecule scales favorably with 3N, whereas NMR
and ion trap systems scale withN.

In the most advanced NMR and ion trap approaches, the
technical difficulties of increasing trap mode densities and
increasing gate operation times, arising from the enlargement
ansatz, are not yet solved. For molecular vibrational qubits,
the challenges are similar. The vibrational spectrum will
become more dense, but the high flexibility in molecular
design in combination with selection rules can compensate
for this difficulty. Up to now, we were able to calculate a
four-qubit system (section 4.3) with encouraging results for
the gate complexity and efficiency. Still, longer gate opera-
tion times were necessary. The estimation of an upper bound
for the number of manageable qubits cannot easily be given
with theoretical methods, as the limits of computer time will
be reached quickly. However, this is not a proof for failure
of the direct enlargement ansatz, because in the experiment
the molecule will solve its Schro¨dinger equation on its own
and computer time is not an issue. In the ion trap approach,
the network type ansatz for enlarging the qubit system seems
to be more promising. For molecular qubits, such a scheme
could be realized by synthesis of macromolecules consisting
of subunits, carbonyl complexes or aromatic ring systems,
connected via molecular bridges such as conjugated C-C
bonds, allowing parallel distributed computing. Each subunit
has to operate as an individual node; thus, the independent
control of each node is mandatory. It can again be realized
by applying modulated femtosecond pulses, supported by
the use of polarization directions. For the communication
between the individual nodes, internode information and data
exchange is required. Ongoing work in our group shows that
it is possible to generate superposition states via molecular
wires and thus exchange information between qubits belong-
ing to different nodes. From this point of view the obstacles
for the realization of a large scale quantum computer are
comparable to those of other technologies under investiga-
tion. Aspects in favor of molecules as future building blocks
in quantum computing are their special properties which
allow convenient handling, storage, fixing, orienting, and
precise control by ultrashort laser pulses.

8. Conclusion
In this review, we have discussed the recently developed

ideas of using the coherence of internal molecular motion
for quantum computing. The appropriate tools to exert
coherent control on molecules are shaped, ultrashort, fem-
tosecond to picosecond, laser pulses. They are especially
suited for the implementation of quantum information
processing, as they provide extremely fast (compared to all
other quantum computing implementations), flexible quan-
tum gates, which can act on various degrees of freedom and
a manifold of molecular states. Molecules, in turn, provide
a wide variety of possible qubit systems, even more when
chemical engineering is employed to attain the desired
spectroscopic or other characteristics. We have reviewed the
possible applications of shaped pulses and molecular qubit
systems within two quantum computing approaches:pre-
compiledand uniVersal quantum computing. The current
state of optimal control theory for the calculation of efficient
quantum gate laser fields was summarized. Different target
definitions have been presented and used for the aspired
global population transfer or for phase control. We have
elucidated the mechanisms by which logic operations are
implemented through laser-molecule interaction for the case
of uniVersal quantum computing with a set of elementary
gates on vibrational qubits. Furthermore, we have outlined
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dependencies of the gate complexity on molecular parameters
and on the total operation time. We have discussed the role
of the phase of the laser field in connection with the relative
phase of qubit superposition states in theuniVersalapproach
and theprecompiledapproach. Whether consecutive elemen-
tary operations or advanced quantum algorithms are per-
formed, phase stabilization and delicate time synchronization
of the applied laser pulses are essential in any case. The
appropriate experimental techniques for pulse shaping and,
recently, for phase stabilization have been developed and
are available for testing in various (quantum computing)
control experiments. The ultimate success of femtosecond
laser driven molecular qubit systems is not guaranteed, but
this approach offers considerable potential as a platform for
new ideas and technologies. In this context, optimal control
offers the most promising tools to master challenges such
as decoherence and scalability.
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